Using the Poincare´-Perron theorem on the asymptotics of the solutions of linear recurrences it is proved that for a class of q-continued fractions the value of the continued fraction is given by a quotient of the solution and its q-shifted value of the corresponding qfunctional equation. r
Introduction
In the Archimedean case it is known that the values of continued fractions in certain q-continued fraction cases can be given by quotients of q-series. As examples we mention the continued fractions of Rogers-Ramanujan 
and a ¼ À1=a 1 a 2 ; b ¼ À1=a 1 À 1=a 2 [3] . Our Theorem 1, which is valid also in the non Archimedean metrics, will find values for a rather wide class of q-continued fractions including the continued fractions (1) and (2) as special cases. However, sometimes our results have very different representations from earlier work, as may seen in the following application of Theorem 1: 
and a ¼ À1=a 1 a 2 ; b ¼ À1=a 1 À 1=a 2 :
Notations
The most important class of q-series consist of the q-hypergeometric (basic) series k F l a 1 ; y; a k b 1 ; y; b l q; t ¼ X N n¼0 ða 1 Þ n ?ða k Þ n ðqÞ n ðb 1 Þ n ?ðb l Þ n t n ;
which are defined by using the q-factorials ðaÞ 0 ¼ ða; qÞ 0 ¼ 1 and ðaÞ n ¼ ða; qÞ n ¼ ð1 À aÞð1 À aqÞyð1 À aq nÀ1 Þ for nAZ þ : We also use ðb; aÞ 0 ¼ 1 and ðb; aÞ n ¼ ðb À aÞðb À aqÞyðb À aq nÀ1 Þ for nAZ þ : Hence ðaÞ n ¼ ð1; aÞ n and especially ðqÞ n ¼ ð1 À qÞyð1 À q n Þ: By p we mean an element of the set P ¼ fNg,fpAZ þ j p is a primeg and we shall use the notation j j N ¼ j j for the usual absolute value of C and j j p for the padic valuation of the p-adic field C p ; the completion of the algebraic closure of Q p ; normalized by jpj p ¼ p À1 :
In the following we shall study convergence of the continued fraction
that is, we will determine the limit
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of the convergents A n =B n ; where A n and B n satisfy the recurrences
with initial values
By the value of the continued fraction (6) we mean the limit (7) when it does exist. Here we note that the continued fraction development using a functional equation, say (11) , and starting from F ðtÞ=F ðqtÞ does not necessarily converge to the value F ðtÞ=F ðqtÞ; see Perron [18] .
q-Continued fractions
Through this work we suppose that jqj p o1 in the given valuation p:
where G : C p -C p is an analytic function such that F ðtÞ ¼ t x GðtÞ is a solution of the functional equation
satisfying q x ¼ S 0 =T 0 and F ðqtÞa0: Moreover, if h ¼ 0; then G : C p -C p is entire function. The convergence in (10) is uniform with respect to variable t in every bounded subset of C p :
So the value of the q-fraction (10) is a quotient of power series converging in some disk jtj p or: Sometimes, such as in Corollary 2, case (20) , the value of (18) is given as a quotient of entire functions even ha0: This phenomenon occurs when there exist series transformations which give the analytic continuation of GðtÞ to all of C p :
The following corollary gives an example of the q-fraction, which value is given directly by a meromorphic function in C p :
where
In this work we will not touch explicitly on applications where the polynomials a n ðq; tÞ and b n ðq; tÞ are of degree more than two in t: In Corollary 2 the value of a qcontinued fraction, where a n ðq; tÞ is at most second degree and b n ðq; tÞ is at most first degree polynomial in t; is given as a quotient of q-hypergeometric series. This should be compared to the earlier considerations [1, 2, 5, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] 19, 20] , where frequently the polynomials a n ðq; tÞ and b n ðq; tÞ have quite low degrees with respect to t: In [6] a value of continued fraction with degrees 4 and 2 for a n ðq; tÞ and b n ðq; tÞ; respectively, is given by a quotient of q-hypergeometric series.
Corollary 2. Let A; B; C; D; qAC p ; then
Equivalently to Corollary 2 we have
Corollary 2 includes the Rogers-Ramanujan continued fraction (1) as the special
The corresponding p-adic result for the RogersRamanujan continued fraction is proved in [16] .
The q-continued fraction
has been extensively studied in the last century. By Corollary 2 the continued fraction (21) has the value 
The q-fraction (21) appears in Entry 15, Chapter 16 of Ramanujan's second notebook, see [1, 7] , there the value of the q-fraction (21) in t ¼ 1 and b 0 ¼ 1 is given by
On the other hand, if we replace q by q 2 and put then D ¼ bq; A ¼ a and t ¼ 1 in (22) and (23), then we get the result
proved by Carlitz [10] and in the special case a ¼ b by Gordon [12] . The q-fraction
appears in Ramanujan's lost notebook and is studied in [9] formula ðIV Þ R : The value of (28) may deduced from (18) and (20) and we note that result (4) comes as a special case.
The identity
; has been considered by Ramanujan and proved recently in [8] . In identity (29) we note that the second continued fraction falls in the class of continued fractions studied in Corollary 2.
Here we note that modifying our proof of Theorem A we may study also certain qfractions, where s ¼ 0: Then it is possible to study the first q-fraction in (29) and also we may study certain q-fractions, which have connections to orthogonal polynomials, see [2] .
Second order q-functional equations
We shall use the operator J ¼ J t defined by of lowest order, where NðtÞ; A 0 ðtÞ; B 0 ðtÞAC p ½q; t: Equivalently in the matrix form we have
where J operates to the 2-vector L and P 0 is the 2 Â 2 matrix. When we denote
then we may write
where 
Multiplication of (36) by ½N nþ1 and the use of (34) give
Hence by (34) and (37) we get Lemma 1.
This fundamental recurrence form implies the following lemmas. and thus the sequences ðA n Þ and ðB n Þ are linearly independent solutions of recurrence (39).
Proof. From formula (38) we get
Using the determinants
and from (37) it follows
Hence (40) follows. & 
Proof of theorems
because the product
goes to a limit M 0 p AC p for every q; tAC p and jqj p o1: So in the numerator of (50) the term q sð nþ1
2 Þ determines the convergence while in the denominator we have to study the behaviour of B n ðtÞ:
Lemma 2 gives our starting point which will be the recurrence B n ðtÞ ¼ Tðq n tÞB nÀ1 ðtÞ þ t s q sðnÀ1Þ Mðq nÀ1 tÞSðq n tÞB nÀ2 ðtÞ ð 52Þ
satisfied by ðA n Þ; ðB n Þ and ðR n Þ:
(1) The complex case C We shall consider the asymptotic behavior of B n ðtÞ by using Poincare´-Perron Theorem [17] . First we note that Tðq n tÞ-T 0 ; Sðq n tÞ-S 0 ; Mðq n tÞ-M 0 :
Hence the associated recurrence equation of (52) will be
having the characteristic equation
with roots a ¼ T 0 and b ¼ 0: Here aab and thus Poincare´-Perron Theorem [17] gives two linear independent solutions ðE n Þ and ðF n Þ of (52) such that
By (56) we know that for a given dAR þ ; ð0odo1Þ there exist
By (49)
and so there exists
Because ðA n Þ and ðB n Þ form a basis for the solution space of recurrence (52) we get to any solution C n ¼ aA n þ bB n the upper estimate jC n jpb 6 e n 8nXK 6 ð63Þ for some b 6 ¼ b 6 ðeÞAR þ which clearly contradicts (56). Hence for a given dAR þ ; ð0odo1Þ there exist K ¼ KðdÞAN and
and also
Taking n enough big in (64), formula (50) implies
(2) The p-adic case C p Again we shall consider recurrence (52) 
Together (66) and (70) then ðA n Þ and ðB n Þ satisfy the recurrence
By (72) and (73) we deduce that A n and B n are the numerator and the denominator, respectively, of the nth convergent of the continued fraction 
To prove Theorem 1 we have to solve the functional equation (11 
Let E be the shifting operator Eg n ¼ g nþ1 : Readily, the comparison of equal exponents in (76) gives
and
where we put g m ¼ 0 for all mAZ À : Hence
which is equivalent to
for all nAZ: The associated recurrence of (80) will be
with the characteristic equation
If S h a0 for some hX1; then Eq. (82) possess a root system such that ja 1 jX?Xja h j40 and thus Poincare´-Perron Theorem [17] shows that every solution of (80) satisfies jg n jpðb 10 ja 1 jÞ n 8nAN ð83Þ
for some b 10 AR þ : Thus the series
presents an analytic function in some disk Dð0; rÞAC of positive radius r:
The p-adic counterpart goes by elementary estimations. 
Thus q x ¼ Aq=C and
which gives 
Identity (90) proves (18) with (20) , which reduces to (19) , when B ¼ 0:
